Torsion effects on Condensed Matter: like a magnetic field but not so
  much by Lima, Anderson A. et al.
ar
X
iv
:1
70
1.
01
82
9v
1 
 [c
on
d-
ma
t.m
es
-h
all
]  
7 J
an
 20
17
Torsion effects on Condensed Matter: like a magnetic field but not so much
Anderson A. Lima∗
Departamento de F´ısica, Universidade Federal da Para´ıba,
Caixa Postal 5008, 58051-900, Joa˜o Pessoa, PB, Brazil and
Centro de Formac¸a˜o de Professores,
Universidade Federal de Campina Grande,
58900-000, Cajazeiras, PB, Brazil
Cleverson Filgueiras†
Departamento de F´ısica, Universidade Federal de Lavras,
Caixa Postal 3037, 37200-000 Lavras-MG, Brazil
Fernando Moraes‡
Departamento de F´ısica, Universidade Federal da Para´ıba,
Caixa Postal 5008, 58051-900, Joa˜o Pessoa, PB, Brazil and
Departamento de F´ısica,
Universidade Federal Rural de Pernambuco,
52171-900, Recife, PE, Brazil
(Dated: January 10, 2017)
In this work, we study the effects of torsion due to a uniform distribution of topological defects
(screw dislocations) on free spin/carrier dynamics in elastic solids. When a particle moves in such
a medium, the effect of the torsion associated to the defect distribution is analogous to that of an
applied magnetic field but with subtle differences. Analogue Landau levels are present in this system
but they cannot be confined to two dimensions. In the case of spinless carriers, zero modes, which
do not appear in the magnetic Landau levels, show up for quantized values of the linear momentum
projected on the defects axis. Particles with spin are subjected to a Zeeman-like coupling between
spin and torsion, which is insensitive to charge. This suggests the possibility of spin resonance
experiments without a magnetic field for charged carriers or quasiparticles without electrical charge,
like triplet excitons, for instance.
I. INTRODUCTION
Perhaps because torsion does not play a role as im-
portant as curvature in gravitation, it has received little
attention from the physics community in general. On the
other hand, curvature is ubiquitous: among other things
it is the main ingredient in general relativity and recently
it appeared as a tool to manipulate electronic properties
of low-dimensional systems (see, for instance, Ref. [1]
and references therein). It is the aim of this paper to call
the attention to a manifestation of torsion associated to
topological defects in electronic/spintronic systems.
The geometric theory of defects of Katanaev and
Volovich [2, 3] demonstrated the equivalence between
three-dimensional gravity with torsion and the theory
of defects in solids. In the continuous limit, this ap-
proach describes the solid using a Riemann-Cartan man-
ifold where curvature and torsion are associated with
disclinations and dislocations, respectively. The Burg-
ers vector of the dislocation is associated with torsion
and the Frank angle of the disclination is associated with
curvature. In this theory, the elastic deformations intro-
duced by defects in the medium are incorporated into the
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metric of the manifold. This way, geometric tools from
general relativity can then be used in the study of phys-
ical properties of material media containing topological
defects. Conversely, these media can provide experimen-
tal tests of hypotheses of gravitational theory involving
topological defects [4].
Topological defects are present in any type of crys-
talline material. They are a result of a local break of the
discrete symmetry of crystals. Their generation as a “cut
and glue” process was first described by Vito Volterra
in 1907 [5] in what became known as the Volterra pro-
cess. The geometrical description of elastic media with
topological defects started in the 1950’s with Kondo [6]
and Bilby, Bullough and Smith [7] who, independently,
build an elegant differential geometric theory of disloca-
tions. The continuum theory of defects had then very im-
portant contributions in the ensuing years from Eshelby
[8], Kro¨ner [9] and Zorawski [10]. A very nice review
of these developments is found in [11], including dislo-
cations, disclinations and point defects. Dislocations, in
particular, have a strong influence on the elastic and elec-
tronic properties of the media where they occur. Scat-
tering by these defects has strong effects on elastic waves
[12], magnons [13] and electrons [14]. For the electronic
device industry, these defects are a problem since they in-
terfere in the electronic properties of the materials by way
of scattering or acting as electronic traps. On the other
hand, line defects might be useful in the design of elec-
2tronic devices as they act as one-dimensional conductive
channels [15–17]. There is large evidence of the similarity
between dislocation lines and magnetic flux tubes. Re-
cent research on the effects of dislocations indicate that
they act as sources of a ficticious magnetic field in a Weyl
semimetal [18]. On the other hand, even though they
cause effects like Aharonov-Bohm-like phases [19–21] and
induce transverse modes in the quantum Hall effect [22],
it has been shown recently, in a study of optical conduc-
tivity in the presence of a screw dislocation [23], that they
act qualitatively different from the magnetic field. There-
fore, research on defects and how they may influence the
dynamics of carriers is important for the improvement of
electronic technology, the discovery of new phenomena
and better control of transmission processes. The advent
of spintronics [24], rises the interest on the effects of topo-
logical defects on the dynamics of the spinning carriers.
Since torsion couples to spin, understanding its effects
on spin dynamics may help in the design of spintronic
devices through dislocation engineering.
Using the geometric theory of defects, the authors of
Ref. [25] studied the quantum dynamics of a particle
moving in a screw dislocation density, homogeneously
distributed, and parallel to each other. Even without
the application of an external magnetic field, they ob-
tained energy eigenvalues much similar to the well known
Landau levels due to the torsion field associated to the
defect distribution. The coupling of torsion to the wave
function comes from the distortion of the medium with
the defects, which effectively appears as a modification of
the kinetic energy due to the distorted trajectories. The
Laplacian operator is substituted by its more general ver-
sion, the Laplace-Beltrami operator, which incorporates
the effective geometry of the medium as seen from the
point of view of the geometric theory of defects. In the
present work, we go a step further and include the cou-
pling between the torsion field and the magnetic moment
of the particle, a well known phenomenon of magnetoe-
lasticity [26]. In elastic materials, the distortion of the
medium around dislocations tends to align magnetic mo-
ments creating nanoscale magnetic patterns which have
been largely studied both from the theoretical [27] as
well from the experimental [28] points of view. Here, we
present a simplified approach, inspired in the geometric
theory of defects, by adding to the Hamiltonian studied
in Ref. [25], a term coupling the torsion field of the de-
fects to the spin (and therefore to the magnetic moment)
of the quantum particle. This coupling is well known in
quantum field theory in the presence of torsion [29] and
naturally does not include all the details of the magnetoe-
lasticity theory but, nevertheless, provides a geometric
framework for the study of spinning particles in defected
media.
This work is presented as follows: in Section II, after
a brief introduction (subsection IIA) to screw disloca-
tions and their geometrical description, we discuss the
classical behavior (Subsection II B) and solve (Subsection
II C) the Schro¨dinger-Pauli-like equation for a free parti-
cle with spin interacting with an homogeneous distribu-
tion of screw dislocations. In the final part of this subsec-
tion we discuss the results and their implications to real
systems like GaAs, for instance. In Section III we present
our conclusions. Appendix A gives some background on
the geometry involving torsion and Appendix B gives the
derivation of the torsion version of the Schro¨dinger-Pauli
equation used in Subsection II C.
II. PARTICLE DYNAMICS IN A UNIFORM
SCREW DISLOCATION DISTRIBUTION
A. Screw dislocations
The discrete translational symmetry of crystals even-
tually fails in real materials. A quite common fault that
appears both in metals and semiconductors is the screw
dislocation. Such defects appear naturally in the fabrica-
tion processes of the materials but are usually eliminated
by annealing [30], since they impair the performance of
electronic devices, as mentioned in the Introduction. A
single screw dislocation can be visualized by the Volterra
process [5]: make a cut in the material and move the parts
separated by the cut relative to each other, as shown in
Fig. 1. The displacement made is known as the Burgers
vector, represented by ~b in the figure. In real crystals,
the displacement must be a translation vector of the lat-
tice so that the cut surfaces fit together perfectly, except
near the defect axis, defined by the end of the cut.
FIG. 1. Representation of a continuous elastic medium with
a single screw dislocation with its Burgers vector ~b.
It is then clear that, in a medium with a screw dis-
location with Burgers vector ~b = bzˆ, given the cylindri-
cal coordinates (ρ, ϕ, z), as ϕ → ϕ + 2π we must have
z → z + b. These are boundary conditions which is nat-
urally encoded in a geometric background in the frame-
work of the geometric theory of defects [2, 3]. For this
particular case of a single screw dislocation, the corre-
sponding effective geometry is described by the line ele-
3ment [21]
ds2 = dρ2 + ρ2dϕ2 +
(
dz +
b
2π
dϕ
)2
. (1)
The generalization of Eq. (1) to a continuous distribution
of screw dislocations is [25]
ds2 = dρ2 + ρ2dϕ2 +
(
dz +Ωρ2dϕ
)2
, (2)
where the density of the Burgers vectors Ω = bN/2 and
N is the surface density of dislocations. Eq. (2) sets the
background for our classical and quantum studies that
follow.
B. Classical behavior
In order to gain some intuition on the dynamics of a
particle in the presence of a screw dislocation density we
describe initially its classical behavior. Starting with the
line element (2) one can get the squared velocity of a
particle of mass µ and, consequently, the Lagrangian
L =
1
2
µ
(
ds
dt
)2
=
1
2
µ
(
ρ˙2 + ρ2ϕ˙2 + (z˙ +Ωρ2ϕ˙)2
)
. (3)
In contrast, the analogous Lagrangian for a particle of
charge q in an uniform magnetic field ~B = Bzˆ is [31]
Lmag =
1
2
µ
(
ρ˙2 + ρ2ϕ˙2 + z˙2
)
+
1
2
qρ2ϕ˙B. (4)
It is clear that z and ϕ are cyclic coordinates for the
Lagrangian (3) and therefore that the corresponding mo-
menta are conserved. That is,
pz =
∂L
∂z˙
= µz˙ + µΩρ2ϕ˙ (5)
and
pϕ =
∂L
∂ϕ˙
= µρ2ϕ˙+Ωρ2pz, (6)
where pϕ and pz are constants of motion. The corre-
sponding momenta for the magnetic case are [31]
pmagz = µz˙ (7)
and
pmagϕ = µρ
2ϕ˙+
1
2
qρ2B. (8)
The third constant of motion, the energy E, is given by
the Hamiltonian H =
∑
i piq˙i −L(qi, q˙i), which becomes
H =
1
2
µρ˙2 +
1
2
µz˙2 +
1
2
µ
(
1 + Ω2ρ2
)
ρ2ϕ˙2 + µΩρ2ϕ˙z˙ (9)
and therefore
E =
1
2
µρ˙2 +
p2z
2µ
+
1
2µ
(
pϕ
ρ
− Ωρpz
)2
, (10)
after using Eqs.(5) and (6). The corresponding expres-
sion for the magnetic case has exactly the same form [31]:
Emag =
1
2
µρ˙2+
(pmagz )
2
2µ
+
1
2µ
(
pmagϕ
ρ
−
1
2
qρB
)2
. (11)
The steady orbits are obtained at the minimum of the
effective potential 1
2µ
(
pϕ
ρ
− Ωρpz
)2
. This requirement,
plus Eqs. (5) and (6) gives for the angular frequency,
ϕ˙ = −
2Ωpz
µ
, (12)
and for the radius
ρ =
√
|pϕ|
Ω|pz|
, (13)
to be compared with the magnetic case
ϕ˙mag = −
qB
µ
, (14)
ρmag =
√
2|pϕ|
q|B|
, (15)
respectively. Note that pϕ = −Ωρ
2pz, and therefore that,
pz and pϕ have opposing signs. Clearly the orbits are
spirals like the one shown in Fig. 2, as in the magnetic
case.
FIG. 2. Classical trajectory for a particle moving in the pres-
ence of a continuous distribution of screw dislocations.
Inspection of the above equations indicate that 2Ωpz
is the analogue of qB in the defect distribution. This
indicates that absence of motion along the z direction is
4equivalent to no magnetic field. Planar, circular orbits
are not possible in the defect distribution, in contrast
with the cyclotron orbits of the charged particle mov-
ing in a magnetic field. Furthermore, while the magnetic
field couples to the charge, the defect density couples to
the mass of the particle by modifying its inertial proper-
ties. This way, a classical Hall-like effect due to a screw
dislocation density is unable to determine the charge of
a carrier.
The problem considered here involves a uniform tor-
sion field, which is represented by its axial vector (Eq.
(B7)), as described in Appendix A. A representation of
this vector field is shown in Fig. 3 but a more intu-
itive picture of its effect can be obtained by exploring
the isometries associated to this field. According to the
well-known Noether theorem, conservation laws are asso-
ciated to symmetry operations that leave the Lagrangian
invariant. The conserved quantities are generators of
these symmetry operations. Thus, the conserved mixed
momenta given by Eqs. (5) and (6) generate a combined
motion along the z and ϕ directions. In other words,
while the momentum pϕ generates infinitesimal rotations
around the z axis, the momentum pz generates simulta-
neous displacements along z, due to the coupling between
Eqs. (5) and (6).
From Eqs. (5) and (6), we see that during an infinitesi-
mal interval of time dt there will be simultaneous transla-
tions of dz along the zˆ direction and Ωρ(ρdϕ) along the ϕˆ
direction which leave the Lagrangian invariant. In order
to give an intuitive view of the isometries introduced by
the torsion field we show in Fig. 4 a representation of the
vector field (zˆ + Ωρϕˆ) which represents the infinitesimal
displacements just mentioned.
FIG. 3. The torsion field associated to the screw dislocation
distribution, as represented by the axial vector (Eq. (B7)).
The field is oriented parallel to the z direction.
FIG. 4. Representation of the vector field (zˆ + Ωρϕˆ) which
gives, at each point, the direction of an infinitesimal trans-
lation that leaves the equations of motion invariant: a) side
view and b) top view.
C. Quantum behavior
Now, we turn to the quantum behavior. The dynam-
ics of the particle in the screw dislocation distribution
is given by an expression analogous to the Schro¨dinger-
Pauli Hamiltonian, which was derived in Appendix B
(Eq. (B8)):
H =
1
2µ
~p 2 + η~σ · ~S, (16)
where µ is the effective mass of the particle in the medium
with the defects, ~σ is the particle’s spin and ~S is the tor-
sion field associated to the defect distribution. The sec-
ond term on the right hand side of this equation is anal-
ogous to the Zeeman term
(
e~
2m
)
~σ · ~B which couples spin
angular momentum and magnetic field. The material-
dependent coupling constant η expresses the magnetoe-
lastic interaction; that is, it describes how strong is the
effect of elastic torsion, due to the defect distribution, on
the spin angular momentum of the particle and should be
determined experimentally for each material. Note that
η has the dimensions of energy times distance. Shapiro
and co-authors have shown that η = −(1/8)~c and they
also consider the possible generalization to other situ-
ations [32, 33]. Using the same value, we obtain spin
splitting of order of magnitude between those observed
experimentally [34] and theoretically predicted [35] for
strained GaAs, as shown below.
Eq. (16) leads to the following differential equation in
cylindrical coordinates (see the derivation of Eq. (B11)
in Appendix B):[
1
ρ
∂
∂ρ
(
ρ
∂
∂ρ
)
+
1
ρ2
∂2
∂ϕ2
− 2Ω
∂2
∂z∂ϕ
+
(
1 + Ω2ρ2
) ∂2
∂z2
+
2µE
~2
−
4µΩηλ
~2
]
Ψ = 0, (17)
where λ = ±1 is the eigenvalue of the Pauli matrix σ3.
5To solve this equation we use the ansatz
Ψ(ρ, ϕ, z) = R (ρ) eimϕeikz , (18)
where m is an integer. Substituting Eq.(18) into Eq.(17),
the Scro¨dinger-Pauli-like equation takes the following
form
1
ρ
d
dρ
(
ρ
dR
dρ
)
−
m2
ρ2
R− k2Ω2ρ2R+[
2µE
~2
+ 2mkΩ− k2 −
4µΩηλ
~2
]
R = 0. (19)
Comparing this equation to its classical counterpart, Eq.
(10), we identify that the effective classical potential
1
2µ
(
pϕ
ρ
− Ωρpz
)2
is mapped onto 1
2µ
(
~m
ρ
− Ωρ~k
)2
as
it should.
Following Ref. [25], we consider the change of variables
ξ ≡ kΩρ2, (20)
and substituting Eq.(20) into Eq.(19), we have the fol-
lowing equation
ξ
d2R
dξ2
+
dR
dξ
−
m2
4ξ
R−
ξ
4
R+ βR = 0, (21)
where
β =
1
4kΩ
(
2µE
~2
+ 2mkΩ− k2 −
4µΩηλ
~2
)
. (22)
The asymptotic behavior of Eq. (21) suggests that we
write
R (ξ) = e−
ξ
2 ξ
|m|
2 u (ξ) . (23)
The equation for u(ξ) is therefore
ξ
d2u
dξ2
+ (1 + |m| − ξ)
du
dξ
+
(
β −
|m|+ 1
2
)
u = 0. (24)
This second order ordinary differential equation, which
has as coefficients linear functions of ξ, has as solution a
confluent hypergeometric function, given by
u (ξ) = F
(
−β +
|m|+ 1
2
, 1 + |m|, ξ
)
. (25)
For a normalisable wave function, the series (25) should
end, becoming a polynomial of degree nρ so that
− β +
|m|+ 1
2
= −nρ (26)
Combining Eqs. (26) and (22), we find the discrete
energy values with the spin term contribution
E = ~ωel
(
n+
1
2
)
+ 2Ωηλ+
k2~2
2µ
, (27)
where
ωel =
2~kΩ
µ
(28)
is the elastic “cyclotron” frequency and n = nρ+
|m|
2
+m
2
.
Note that Eq. (28) is consistent with its classical counter-
part (12) with the identification of ~k with pz. Note also
that the quantum numbers nρ, m and k correspond to
the radial, angular and linear degrees of freedom, respec-
tively. The Burgers vector density, as previously men-
tioned, is Ω = bN/2, where b is the Burgers vector and
N is the surface density of screw dislocations. Like in
the case of magnetic Landau levels, E is degenerate with
respect to n, since nρ ∈ N andm ∈ Z. The spin term par-
tially removes the degeneracy as seen in Fig. 5. The fact
that the elastic frequency (28) depends on k expresses the
3-dimensionality of the motion. Since the defects couple z
and ϕ, their effect does not appear without motion along
the z-direction, as mentioned in Subection II B. The fact
that k ∈ R brings about the possibility of zero modes for
spinless particles, when k = −(2n+ 1)2Ω = −(2n+ 1)S
and k = 0.
FIG. 5. The energy, as in Eq. (27), as a function of the
wave vector for a dislocation density N = 108 disl./cm2. We
consider s = 0 for the particle without spin and s = ± ~
2
for the case with spin. We used η = − 1
8
~c and data for
GaAS (electron effective mass, Burgers vector magnitude, and
typical range of dislocation density).
Fig. 5 shows a plot of the energy as a function of wave
vector k showing the vertical shift of the parabolic band
due to spin splitting. The aforementioned zero mode at
k = −(2n + 1)2Ω = −(2n + 1)S corresponds to a value
of k too small to be seen in the scale used.
6FIG. 6. The magnitude of the spin splitting, as a function of
dislocation density.
From Eq. (27) we have the magnitude of the spin split-
ting, |∆E| = 4Ω|η|, which is plotted in Fig. 6 as a func-
tion of the dislocation density. We remark that, from the
experimental point of view, this would require separate
samples with different defect densities. In order to plot
the graphics shown in Fig. 5 and 6, we use parameters
for bulk GaAs found in the literature [14]: the density
of screw dislocations N ∼ 108 disl./cm2), the magnitude
of the Burgers vector b = 4× 10−10m , and the electron
effective mass is µ = 0.61× 10−31kg.
What is seen in Fig. 6 is the same kind of splitting
that happens in the Zeeman effect, which leads to Elec-
tron Spin Resonance (ESR) phenomena [36], suggesting
the possibility of ESR experiments using elastic torsion
instead of magnetic field. Furthermore, as pointed out
in [34] and [37], strain can be used to manipulate spins,
turning topological defects like dislocations, with their
associated strain/torsion field, into possible tools for this
manipulation.
The results obtained here can be compared to those
of references [34] and [35], for instance, that study spin-
splitting in GaAs strained samples. The relevant param-
eters for spin splitting in these works are, respectively,
drift velocity [34] and wave vector amplitude [35]. In our
work, the relevant parameter is the dislocation density,
that is, the strain itself. For the range of drift velocities
studied experimentally in Ref. [34], the authors report
|∆E| ∼ 0.1µeV. For the range of wave vector amplitudes
studied theoretically in Ref.[35], it is |∆E| ∼ 0.1 meV.
Our results, for realistic dislocation densities, are placed
in between, with |∆E| ∼ 0.01 meV, making their exper-
imental observation feasible.
III. CONCLUDING REMARKS
In this work, we study the dynamics of a particle in
a medium with a uniform distribution of screw dislo-
cations, which are quite common defects in crystalline
materials. Although there are some similarities with the
problem of a charged particle in the presence of a uniform
magnetic field, as it has been pointed out in the litera-
ture, there are important differences as well. The clas-
sical picture, analyzed in Subsection II B as a means of
providing some physical intuition on the effects of the de-
fect distribution, presents some of these differences. For
instance, the motion is always three-dimensional due to
the nature of the defect distribution, which couples the
angular (ϕ) and the linear (z) degrees of freedom of the
particle. Also, there is no distinction between positively
or negatively charged particles.
The quantum picture introduces a coupling between
the spin of the particle and the defect distribution. It is
known that such a defect density on elastic media gen-
erates a torsion field that acts on the particle as if an
external magnetic field were being applied to it. In fact,
a Zeeman-like effect appears due to the torsion-spin cou-
pling. On the other hand, the energy levels, although
similar to the magnetic (Landau) levels, have a few im-
portant differences. While the motion of charged par-
ticles in the presence of a uniform magnetic field may
be confined to a plane perpendicular to the field lines,
this is not possible in the case of torsion, which needs
motion in three-dimensional space in order to show up
its effects. Furthermore, in the case of a spinless par-
ticle, when the z-component of its linear momentum is
antiparallel to the torsion field, there appear zero energy
modes for quantized values of the momentum.
The coupling of the torsion field to the spin of the
particle introduces a shift in the energy spectrum and
breaks the spin degeneracy like in the Zeeman effect.
This magnetic-like field produced by the density of de-
fects is insensitive to the charge signal and thus will have
the same effect on spinning neutral particles. Since the
Zeeman-like splitting allows for ESR experiments, there
is the perspective of using magnetic-like resonance to
study neutral particles like excitons in the triplet state.
Even though the main focus of spintronic studies has
been on dislocation-free materials, since the defects cou-
ple to magnetic moments, they may be useful in the de-
sign of spintronic devices, in addition to curvature, which
has been suggested as a tool to aid in the design of elec-
tronic nanodevices [1].
Appendix A: Some background on torsion
Riemanniann (and pseudo-Riemmanian as in general
relativity) geometry is torsion-free due to the require-
ment that the metric tensor should be symmetric:
gµν = gνµ, (A1)
7where the Greek indices µ, ν refer to 4-dimensional space-
time coordinates. Relaxing this rule brings about the
geometry of Riemann-Cartan, which naturally includes
torsion and curvature as its main geometric entities. Tor-
sion appears naturally in the differential forms approach
[38]. In this formalism, the metric tensor g is written in
terms of the 2-form basis dxµ ∧dxν as g = gµνdx
µ ∧dxν .
In a flat manifold, one can have a universal Cartesian
frame such that gµν is diagonal. Although this is not pos-
sible in a more general manifold with curvature and/or
torsion, one can still have it locally since the (Lorentz)
tangent space in each point is flat. Therefore, it is inter-
esting to make a transformation between the manifold
coordinates and the local Cartesian coordinates in tan-
gent space such that the metric tensor is made (locally)
diagonal. Denoting the transformation between the man-
ifold θa and Lorentz dxµ 1-form bases by
θa = eaµdx
µ, (A2)
we have for the line element
ds2 = gµνdx
µdxν = ηabθ
aθb, (A3)
where ηab is diag(-1,1,1,1) since the tangent space is flat.
The transformation matrix eaµ is known as tetrad and it
gives rise to the Cartan connection, as seen below.
The Cartan connection is defined as
Γσµν = e
σ
a∂νe
a
µ, (A4)
where eµa is such that e
a
µe
ν
a = δ
ν
µ. This is the connection
that parallel transports the tetrad field. That is, the
covariant derivative
∇νe
a
µ = ∂νe
a
µ − Γ
ρ
µνe
a
ρ = 0. (A5)
The torsion 2-form T is given by the structure equation
T = dθ + ω ∧ θ, (A6)
where ω is the 1-form spin connection. In terms of com-
ponents, we have
T σ = dθσ + ωσν ∧ θ
ν = T σµνθ
µ ∧ θν , (A7)
where
T σµν = Γ
σ
µν − Γ
σ
νµ, (A8)
which naturally vanishes for the torsion-free Levi-Civita
connection, which is symmetric under µ↔ ν.
Riemann-Cartan geometry applies naturally to the
physics of continuum elastic media with topological de-
fects. The defects appear as a result of breaking the
translational and/or rotational symmetry of the contin-
uum. In particular, line defects like disclinations which
carry curvature but no torsion, are associated to rota-
tional symmetry breaking. Dislocations, on the other
hand, carry torsion but not curvature and are associated
to translational symmetry breaking.
Consider a medium with a continuous and uniform
screw dislocation distribution oriented along the z-axis.
The metric that corresponds to a set of parallel screw
dislocations, in cylindrical coordinates, is given by Eq.
(2) :
ds2 = dρ2 + ρ2dϕ2 +
(
dz +Ωρ2dϕ
)2
, (A9)
with the following density of the Burgers vectors Ω =
bN/2, where b is the Burgers vector and N is the sur-
face density of dislocations. This metric describes a con-
tinuous distribution of screw dislocations, with torsion
uniformly distributed throughout the space.
Looking at the metric (A9) we choose the 1-form basis
θ1 = dρ
θ2 = ρdϕ
θ3 = dz +Ωρ2dϕ (A10)
such that the line element ds2 = δabθ
aθb, with a, b =
1, 2, 3.
The torsion 2-form is given by the structure equation
(A6) where ω now is zero since there is no curvature. It
follows that
T = dθ3 = 2Ω dρ ∧ ρdϕ. (A11)
Appendix B: Torsion in quantum mechanics
Torsion makes its appearance in quantum mechanics
through the axial vector
Sν = ǫαβµνTαβµ, (B1)
where Tαβµ = gασT
σ
βµ. Since torsion couples to spin,
it naturally appears in the Dirac equation. Indeed, the
Dirac operator in a space-time with torsion can be writ-
ten as [29]
i~
∂
∂t
= c~α · ~p− η~α · ~Sγ5 + ηγ5S0 + µc
2β, (B2)
where η is a coupling constant between torsion and mat-
ter fields and ~α, γ5 and β are the usual Dirac matri-
ces. While S0 is the time-axis component of the axial
quadrivector, ~S represents its space part. In the non-
relativistic limit, this results in the low-energy Pauli-like
Hamiltonian [29]
H =
1
2µ
~π2 +B0 + ~σ · ~Q, (B3)
where
~π = ~p−
η1
c
~σS0, (B4)
~Q = η~S (B5)
8and
B0 = −
1
µc2
η2S2
0
. (B6)
In Eqs. (B3) and (B4), ~σ is the Pauli vector.
The three-dimensional version of the torsion axial vec-
tor (B1) is Sν = ǫαβνTαβ and its only non-null compo-
nent is, from (A11),
S3 = 2Ω. (B7)
It follows from Eqs. (B4)-(B6) that ~π = ~p, ~Q = η~S,
B0 = 0 and therefore that
H =
1
2µ
~p 2 + η~σ · ~S, (B8)
from Eq. (B3). From Eq. (B8), it follows that
H = −
~
2
2µ
∇2LB + 2Ωησ
3, (B9)
where ∇2LB stands for the Laplace-Beltrami operator,
which incorporates the boundary conditions associated
to the defect distribution, and σ3 is the Pauli matrix.
Since the Hamiltonian given by Eq. (B9) is diagonal in
the spin degree of freedom, we can write
[
−
~
2
2µ
1√
|g|
∂
∂xi
(√
|g|gij
∂
∂xj
)
+ 2Ωηλ
]
Ψ = EΨ,
(B10)
where λ = ±1 is the eigenvalue of the Pauli matrix σ3.
This results in the following equation:
[
1
ρ
∂
∂ρ
(
ρ
∂
∂ρ
)
+
1
ρ2
∂2
∂ϕ2
− 2Ω
∂2
∂z∂ϕ
+
(
1 + Ω2ρ2
) ∂2
∂z2
+
2µE
~2
−
4µΩηλ
~2
]
Ψ = 0, (B11)
which is Eq. (17).
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